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Fine-Tuning in Modern Machine Learning: Principles and Scalability (FITML)
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Reliable ML from Unreliable Data

Workshop @ NeurIPS 2025

FRAREOLROFRRME: s iroy

min Je (r, f) Belf) = Byt [E6(F (), )]
T.f RS WY R

Ju(r, ) = Epy, ) [(n(=) — r*(w))?] € &= Nigoz—= FARIT—Z
B @ [F@) (f(=),9)) «zmmd ( =1l =) I=T
o BRI E RO = BB RMEI AR C’\ﬁ’ """" § >0 ]
o I A IRERRAT - F = argmi L y— =y
l,t'-'l

+n

R(f) < V2min Rer(f) + Oy,

ERHEREL T

EZonss—4 IBETAFD AR HER

BEISABR DM I
o SSAMELE pi(y) FHHEL

A D5 # (@) EITHEAL -
{LEERERIREE: E{Zne(wt Z min R:(w)]

te tL)

(&, ) T p (e, y) (@50} K pe (2, y)

FI=A0F (@50 (@57 ITRLT,

BEEETH— *JL$T’J@A1ﬂ' Hoang o1a)
1 P - ] l\)"f/%’\a)?lﬂﬁ Pee(@,y)
e Z"ig(f(mi ), U;") ~ 7 o HIFER A DA TIEEEEIFKK Pu(,y)
a=T o SANfERENZFALT, TZFT Q’EJIIﬁH‘ff‘/W%l:ﬁ%'l:
{(m;"m-% }J i {(m }_) Xk
o ?ﬁﬁ'&ﬂlﬂﬂl:;‘fﬁ
e Zi: e m").y,-")+i 3, )




SEROEZE

EBRETILOBEAMEISHESEIRFE
o EERIEISAST2E
o BRIBLSHIERASDEPE

K GET—7<:

FARLERFE, HBESLE ®IL, AR
FoTAURE, BRERRTE (FE, W)
RREEME S, ELHR (Khan, —R)
ERERBA SR) s
R EHER GEK, 2F) |
£I—C P EORE, A+A)

KRET—2- KREETILEE
(KHE, Zhao, HE}3H)

B EEE (M)

e ¢ 0o 0 o o o I

17

(IR AEEDHI]

»Zhao*Minh: PRI-#li K

-85 K-E M :iTHEMS-RJII. IR E
-EHJK:CSRS-BAE. HiE

¥ H i THEMS-EH. R-IH- T
»Khan:BDR-ZFih

-IRA: iTHEMS- A

*Huang: R—-CCS-Wahib. RQC*Nori




X R/ T — L 18

AlZFSKIZHEESELIRR RO IHE T HR

e Al for Scienceh&Y EMNB5 . RRH#F/BIIF AR

WEE RRBELSEIATHINE:
o BEHXBREREMNH>THT—HEREI TCREBEZIER T ST
e SpringerkY—EBEDMHRZFEHT=-HEDEMEZ LR -
X HEE EEROEPIRBALE:
o LLMEMEtHMEREEIERDEE

o RERBEDRIRE T —FN—RIZLDHPoCHRT ®
® JST CREST ({SESNBAISEHE)

Wk BFEE-EBRAVINIITORE:
e Python/Sw r—LMEF2D: B2A-10A5%H>O0—KkL L
o BIRAYVIrVITHERAM (1HEEE)
ANREREMIERFWS - 2ETORBREFHE -/ \RUXL
o J—/ 3y at UAI2023, KDD2021, NeulPS2020
e =:i& Pacific Causal Inference Conference 2024, 2020




A

T—3%F

FSES YR

R 57Xz

LNTIE

D77 &

PRI EN G KLY D 3

1 % (+wE 180 &0 350)

Ny -~ 1
REA R EEEOE E
JEK [E] or XK [a] 87.9
ﬁj\*ﬁ 62.1
B st + o

60.6
76.4
63.5
63.2
AR AR

F—5

x2 x3 | x4

45433 17 763
55071 16 86

113169 16 87.9

30289 16 30.1

113159 20 635

55071 | 17| 83.7
56071 16 78
3717312 | 632

[113159 14 865

7172 12 RR7

35

17
18
16
14
20
17
14
16
17
12

x5 | x6

P W N = NP O|N =

HEA

RET52

RIOS7%HAT B8

19

Son’s
income
(x2)

Father's
education [y
(x3) “, [ Son’s
education
Father's / (x5)
occupation
(x1)
Son’s
Number of occupation
siblings (x4)
(x6)

Maeda and Shimizu (2020)
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Adaptive Bayesian Intelligence Teant*

Sustainable Al: drastically reduce the cost of Al training
e Break free from dependence on huge data and computing centers
e Instead, continually learn and quickly adapt (just like children)

Main Achievement: The Bayesian Learning Rule

e It unifies many popular algorithms and can help us design better ones
e One of our new algorithm won a NeurlPS-2021 challenge

e It also led to the first Bayesian algorithm to successfully train LLMs

e Using this, we are now working on continual learning to reduce cost

Awarded JST-CREST grant of 220M JPY on this topic

Invited Speaker at leading venues in Al and Bayes
e NeurlPS 2019 tutorial (one of the most popular, #audience >7K)

e Keynote at ISBA 2026 and BayesComp 2025 (two largest Bayesian
conferences), EurlPS 2025 (#audience >2k), CoLLAs 2024

Served as Program/General Chairs in leading ML venues
e ICLR 2024 (largest deep learning conference), AISTATS 2025, 2026



Unsustainable Al Training %

Al training requires a huge amount of data and
compute, as well as energy (electricity, etc.)

Reason: stochastic training need access to the whole model and data at all times

Big Model
=
LA ’ i}
=)&)
|
E=N

Stochastic training

<« — .

0-0-p2 Ve

Parameter jE B Loss gradient w
Minibatch .

Our goal break free from this dependence

Human-like adaptation: Learn continually by
selecting relevant data and parameters



Bayesian Learning Rule (BLR) [1,2]2°

We use “uncertainty” to decide where to focus

Uncertainty is obtained with the Bayesian
learning rule which unifies many algorithms

All these algorithms are special case of the Bayesian Learning Rule

Optimization Deep-Learning Approximate Inference

The BLR helps us understand and “focus” on
the sources of uncertainties to adapt quickly

1.  Khan and Rue, The Bayesian Learning Rule, JMLR (2023)
2. Khan and Lin. Conjugate-Compute Variational Inference, AISTATS (2017)
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1.5

2D classification

More relevant
examples are
shown with bigger
markers.

0.5 4

Cost can be
reduced by focusing
on such relevant
examples and

051 ignoring others.
Trained with the
BLR variant called
I\VVON.

Epoch: 0

1.Nickl, Xu, Tailor, Moellenhoff, Khan, The memory-perturbation equation, NeurlPS (2023)



An Example for MNIST 28

More Relevant Less Relevant
Training should

¢ 0 ¢ 7 7 focus on difficult 000600

/, '/ cases(left)notthat { | 1 1 |
much on the easy

cases (right). & Z 242

We can figure this
out for many “WY
existing algorithms cx
by using our
Bayesian & 6
1 7
¥ X
e Wl

framework.
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Learning to Focus 29

We are working on a new PoCo optimizer that learns by focusing on a few examples
(shown in black), as opposed to Adam that need access to all examples all the times

The Adam optimizer Our new Posterior Correction (PoCo) optimizer

Recently picked examples are in large markers Relevant examples shown in black



PoCo can boost LLM performance®

Validation Loss

3.4 A

3.3 -

-
N
I

o
[
]

-
o
l

2.9 -

GPT-2 (125M) on OpenWebText data (49.2B tokens)

PoCo turned on here

BLR without PoCo

BLR with PoCo

20000

40000 60000 80000 100000
Steps
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» Hayakawa & Suzuki (2020), BAMREEF £ E
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» Anisotropic Besov space (Suzuki & Nitanda, NeurlPS2021)
» y-smooth function class (Okumoto & Suzuki, ICLR2022)

> Infinite dimensional input-output (Nishimura & Suzuki, ICLR2023)
BSHTRWSFIZHREUVUTIHWES
» Variable smooth Besov (Tsuji & Suzuki, 2021)

) l MELNIEIREH DIBHREEMT B ETRIbEEERLE

TEDEMEREET L DOmE
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HaTHREER (CH D TN Y I X E F R TR O T oIEE

-

S
hHt
=

/NS >0k

~

EZEB DR TT
U VRIS

> A = = —
FEHN SR

/

BesovZE[d]
[Suzuki, 2019]

BN MIE—
FRIXEEDHETE
(FREFENS

100N

~

/
X585 hRBaE

[Imaizumi&Fukumizu, 2019]

IEHILBIERD
HEE (REF S
SR

‘h — — g
{KRcT
[Schmidt-Hieber, 2019] [Nakada&Imaizumi,
2019][Chen et al., 2019][Suzuki&Nitanda, 2019]

5 —A hMEIRTT
2y ZEfM b (T
MUTWESE
BEZHEF]

A

g ,.’t‘:‘ .o lo)

= J\K/\ ) . 4 -
/ ’ (o} -
N I\ Y —
s70 ?”(M—I—N) __2s o . s
/ n 2s+d n~ 2s+d \/n a+D-1 n~ 2s+D
B n i%
o ==
jlj MN 28—2d(1/p—1/2)+ 1 n_ 2(25(7D?1£-;|:—§;i2/)2—6)-d }*_ﬂ-E
Z —_— © 2s+d—2d(1/p—1/2) = . p=4
):ili n " ’ \/ﬁ V n~%iD
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XaB5 b\mﬁaﬁ\ 4 BesovZE[d]

a

/@S> oER - —
T IERTT

BesovZE[tl

[Satoshi Hayakawa and Taiji Suzuki: On the minimax optimality and superiority of deep neural network
learning over sparse parameter spaces. Neural Networks, 2020.]
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[Kazusato Oko, Shunta Akiyama, Taiji Suzuki: Diffusion Models are Minimax Optimal Distribution Estimators. ICML2023, oral]

(2% of all submissions)
dXt = —Xt dt + \/idBt Forward process

Backward process

Stable diffusion, 2022. (‘ilft p— (1/15 —|— QV log (pT—t (l/;; ))dt —l— \/idBt

. (Y ~ X=_,)
RERZOATTyFUIEER t

s—argmln—Z/ EthXo =05 [H (X, ) VIOgPt(Xt‘SCOz)” ]

seDNN
EH
_ Let ¥ be the V. generated by the backward process w.r.t. §, then \
Ep, TV(Y Xo)| SnmFalog?(n), (s BEEKOBSHE)
- _s+1-96
Ep, W1 (Y,XO) <n 2s+d” (forany é > 0).
Y551 (131F) ==y 2 ZE8 [vang & Barron, 1999; Niles-Weed &

\ Berthet, 2022]. (Estimator for W; distance requires some modification) /




Transformer®DHEEEE R

[Shokichi Takakura, Taiji Suzuki: Approximation and Estimation Ability of Transformers for Sequence-to-Sequence Functions with Infinite

Dimensional Input. ICML2023]

TransformerD4E

o DDV =D 2 IehSERR

N—D & ENRD.
IRTTDULLN ?

ADCFUCERRR =D %

Self-attention

EIRTED. .
— RFTDWLL\Z [O]35 |
EIE (HEERE)
1 T 2 5 _i 84 max o
r—1+1 ZE[HFJ — L H%z(pX)] < p” 2at 11 (logp)?/ @t 2tmaxid/ad}

j=I

(FE=ZZV Y I X&E)

> ANWNWERX T TCTEZEAA—4

—DIERL— .
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BD—FRIVEIC K BRALERZE=IREE: Suzuki (AISTATS2018)

€5 VERRN\DIEF

> B )UEHERIREE (C K DINALEREDERER:
Suzuki, Abe, Nishimura (ICLR2020)

» Spectral pruning: Suzuki et al. (2020)

» Tensor decomposition for CNN: Jingling et al. (2020)

Neural tangent kernel
> =X WO XEE%: Nitanda, Suzuki (2021); ICLR2021 outstanding paper award

SHEE LB :

> —EFTFIRR EYIHA{EDEE%: Ba et al. (ICLR2020)

> BIET S REE S EEREADSZEE: Amari et al. (ICLR2021)

> DIASEIC K DIFEHEDRER EMNLERZDELEE: Ba et al. (NeurlPS2022)

‘ BEEE & &M T Suzuki&Suzuki (ICLR2024), Nishimori&Suzuki (1G2024)

[FERIEE 7 FHU Tz SRl R ARAT

> )\ FEFIAICKBDSGDDTFIEE: Lee et al. (NeurlPS2024)

> NEETI)LDFEZuEEM: Oko et al. (COLT2024)

> Mixture of ExpertDE&E4S 1 =7 X #%BH: Kawata et al. ICML2025)




AfidiE & Kernel alignment 38

[Jimmy Ba, Murat A. Erdogdu, Taiji Suzuki, Zhichao Wang, Denny Wu, Greg Yang: High-dimensional

Asymptotics of Feature Learning: How One Gradient Step Improves the Representation.
NeurlPS2022.]

1 T
a;jo({x,w;)) = —=a o(W 'z
SN (2 Z ey ( )

B QA CWZERIDIET, T—HICEIRHHMEZEESTEDIN?

& ARSRATYIPA X’Zﬁﬁb\ﬂ(i —EIDEFI TERDHD DFFHEDS
F'VZ SDRCENTED.

- H—)LAlignment, $HH=FEH.

Wigy1 = Wi + n\/NVL(fNN)
n,d,N - ocDBRZZE X, 4AfcE 1 BOEFREROFHEEEZZFHMELU THD.

s 7= VN ARy THA BB E, ST | hid
BT ILICLS Uy SEREERT S,
> 1 = 1: FRINIR R 5w TH A 2T HBIEERADS >

prediction risk
=
o

B LU Y SENRZE B U RO IEMEW (S84, e TR
> 0 =o(1):/NERIFTY THAXTHAPEWERCT | [ :

BIFRZE (NTK-regime). FHEFEZDIRRL. e ‘\‘\'

10° 10%
sample size n
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(RfR : IEEmAE, FLED : 5EER)
1004
e INERRAFTwY THAX
8. g
LY. *f‘@‘“.m
@ e, T
- .-.._ --."_'."-—-.._ ®- N i
O 10_]" ® ._' gl ZWiL AL T3 N = PaN
5 fu————————— T L TR e o e (BT E LIV B DR
s | ® . 0. ¢ .o (5249 LAEHER)
O 1 -e— n=0(1) @4
-l 1 -
n=0(N)
o2 | = IP=af I
E o(d/n) " RERRTYTH AR

107 0(d/n) TR
sample size n
HBE—BID (C K DEMRBRDTHERE.
ECAVWDSRTY I/ X E(CTOY b

mY>FILYA X, d:ATIDRIT)



Single index modelDEFHEEHE 40

» Gaussian single index model: y; = f.(z:) + & (e ~ N(0,6?)
fu(x) = 0u((,0)) (x~ N(0,14))

> Requires learning the direction 8 € R? and link function o,.
« The informative direction in only one.

— Feature learning
» o, Is assumed to be a polynomial with degree p and information exponent k.

fo(@) = 0.((z,0) = > ajHe;((z,0))

Information theoretic lower bound (statistical complexity): I

Required sample size n:

Kernel method:

_ p~ [Ghorbani et al. 19; Donhauser et al. 21;
= Q(d ) Gavrilopoulos et al. 24;...]

Neural network: n = O(d) [Bach 17; Barbier et al. 19; Damian et al.

\_ 24;..] J
« Neural network has better sample complexity due to feature learning ability.
« But, it may require exp(d) computation.

“Statistical vs Computational” tradeoff?




AEEICKIDINNDFHIEHME 4

V’w]Efc,y[(y - fw(x))2] X _I\Eﬁ?,y[vafw(xl] + Eu | fu (2) Vi fu (2)]
Correlation statistical query (CSQ)

SQ lower bound /CSQIower bound \
d 0(d) 0(d*/?) O(d* 1) 0(d")

r—t
A . ~ =

Informatioh algorith Smoothed SGD One pass SGD Kernel method
theoretic [C n&MekaT{O] [Damian et al. 23] [Ben-Arous et al. 22] [Ghorbani et al. zy
limit Gradient algorithm: CSQ

MFLD

0.(2) = 3;_ cilei(2)

[Dandi et al. 2024][Lee, Oko, Suzuki, Wu; NeurlPS2024]

Gradient method with batch-reuse can implement SQ algorithm
so that we obtain n.= 0(d) sample complexity. IETEElFaEr]
[Generative exponent] BERNI D

Jason D. Lee, Kazusato Oko, Taiji Suzuki, Denny Wu: Neural network learns low-dimensional polynomials with SGD
near the information-theoretic limit. NeurlPS2024.




Afig - BSOS 1IN EHE

EIIES S 1INV E AN E: HEENARS >SS /)\>EhF
> SVRG-GLDD##HT: Kinoshita, Suzuki

e
S22 . (NeurlPS2022)
> Nitanda, Wu, Suzuki (AISTATS2022) o gerevo—c o . Muzellec et al. (COLT2022)

¥

“ZEIN—D & DRELIR

* PDA: Nitanda, Wu, Suzui BERS > 1)\ OBNFICLDRIE
(NeurlP52021) | {b & IRMEERZ AR (RO DELE)

* P-SDCA: Oko, Suzuki, Wu, Nitanda > Infinite-dim GLD: Suzuki
(ICLR2022) | o (NeurlPS2020), Suzuki, Akiyama

* Infinite-dim extension: Nishikawa, (ICLR2021)

Suzuki, Nitanda, Wu (NeurlP52022) » Teacher student: Akiyama, Suzuki
(ICML2021,ICLR2023)

Uniform-in-time propagation of chaos (BIRRIFEEIDEH) :
> Super log-Sobolev inequality: Suzuki, Nitanda, Wu (ICLR2023)
» Convergence analysis with Stochastic gradient/finite particle/discrete time alg. :

Suzuki, Nitanda, Wu (NeurlPS2023)
‘ {EZ3E: Yamamoto et al. (2023); ==Y WY A[IE8: Kim et al. (ICLR2024)

Refined PoC: X% /KL JEFICHTF UL E5]: Nitanda et al. (ICML2025)



iERAEDRIBE(L

. KL (|| peret)
min £(p) = F(p) + 5 Ent(u)

IO —1—3)LxRv NDO—U&siEt, #FsEt I 7A>Fa1—=—>T, R(X
J4ILFU>,

. 311’5%5 >§:L} ‘)Ebt? = [Nitanda, Wu, Suzuki, AISTATS2022][Suzuki, Nitanda, Wu, NeurlPS2023]

dXt — —V%(Xt)dt —+ \/ 2)\2dBt %ﬂ

MRIR : L(pe) — L(p™) < exp(—2aXat)(L(po) —
UKL IFBLH ) R
HEBTETFIVD I 7 A > F 1 —=>7) * [Kawata, Oko, Nitanda, Suzuki, ICLR2025]

,Ure %;E\_ﬁiglﬁajj:rﬁ&%j_) I/ (BBEFI) - (BEE>
At EE{biE t Fork =1, ..., K — 1:

2 & §F(u ) 23
k1) _ . . (k)
't = argmin g ;] (Eu [ 5 } + BKL(p| f)) + KL (g prref) o exp(—g"*) ) er

k
Doob h-transform :

dY; =(Y; + 2s(Y;, T — t) + 2V, log(Elexp(—g(Y7))|Y; = z]|,—y,))dt

> A SRERNL * /
+V2dB, Yi ~ exp(—3)pirof DB [ amsERS )

F)
Href U J
E1E

BESNIEIREEST IV
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— E.g.
min £(p) = F(p) + BKL(p|pirer ) 507

Ueer. Pretrained diffusion model Bayes filtering

Diffusion model Optimizing distribution
[ An astronaut riding a horse [ Teddy bears shopping for

in a photorealistic style | groceries in the style of ukiyo-e| e Post training:
3 e.g., Preference optimization

. —1 P(ywlc) ~ p—1 P(yilc)
m}%nE(yw:yl:C) [J (ﬁ log (pref(y|c)) ﬁ lOg (pref(ylc) ))]

Direct Preference Optimization (DPO)

x: “write me a poem about
the history of jazz"

DALL-E: [Aditya Ramesh, Mikhail Pavlov, Gabriel Goh, Scott Gray, Chelsea Voss, Alec Radford, Mark — > f— = final_ LM
Chen, llya Sutskever: Zero-Shot Text-to-Image Generation. ICML2021.] L i
DALL-E2:[Aditya Ramesh, Prafulla Dhariwal, Alex Nichol, Casey Chu, Mark Chen: Hierarchical Text-
Conditional Image Generation with CLIP Latents. arXiv:2204.06125] preference data

maximum
likelihood

[Rafailov et al. 2024]

* Bayesian inference

SORA * Reinforcement learning
(OpenAl, 2024)




LB ES )L Dfine-tuning

[Kawata, Oko, Nitanda, Suzuki: Direct Distributional Optimization for Provable Alignment
of Diffusion Models. ICLR2025]

min £(p) = F(p) + BKL(1]|ftret)
* s ZHRETIL (ERIFEEESI)
Pt FEII{EiE (Dual averaging method)
Phase 1: RBERXD M EDEELLZRDSB.

Fork=1,.. K—1:

k
SF (p) 25
(k+1) — KL “TKL
v argergmk k+1 ;13( [ 52 ] + 3 (MHMref)) + (1| phret)

o< exp(—g")) iy

h (k) _ J OF (7))
e Z Bk+1)(k+2)/2 dp 0(1/K) convergence
|

X exp(—g
d Href ( )

SE/A DM SR D MOBRLENRFE D




Doob h-transform
Phase 2: REEDTHHSDY>TUSD i < exp(—7) Upes-

Doob h-Transform (Doob, 1957; Rogers & Williams, 2000)

-
dY; = (Y, + 2s(Y;, T — t) + 2V, log(E[exp(—g(Y7)) Vs = z]|,_v,))dt + v2d B,
{Z21E18
\_
4 ’r See also Vargas, Grathwohl, Doucet (2023) & Heng, De
YT ~ eXp(_g)Nref — ﬂ J Bortoli, Doucet (2024), Uehara et al. (2024) for more details.
\_

Reverse process of fiyef:

dY, = (Y, + 2s(Y;, T — t))dt + V2d B,
Reference model = Optimal model

i
%ted process
Href reference
Yr (res) Yo

Gaussian distribution)



Doob’s h-transform

( Pre-trained Diffusion ) [ Aligned Diffusion |
Xt
S+ u
cee ~ e_prref
\ J \ y,
Dual Averaging / u(x, 1) = Vlog p(x) = Vlog E[e 7% | x]
i ) q® . : >
the density ratio e ~ to minimize linearized F:, %~
Pret M
Reference density k=1 k=2 k=3

N '\ ﬁl\
o - ™
y . y y

4 -y r

Pref = P+ € —flp ref € —fzp ref € _f3p ref
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RIZIER REEZZRAETIL  (SSM)
exp(k q) & ¢p(k) p(q) TEZIRZ HERIREE (N7 ML) TEEBRZHRF
(¢ ISIERFEER) (B*EDEHERE)

m ¢(k)T¢(q) Yi+1)= Ax] + Buj A,B,C,D (&

=) Ay AjE e y;=CxHDu;,  HBNSA—%

’ ]2:, T X eU)Té(g) T -

= ) (CA"B +Dé)u,_,

woTo@ (") ¢@ = 2, (CA'B + D3

Yi = ZV' -
728G (3 40T b L Ay —

ERMICETE P gE EU%E@TJE-I_% »O(L)
AlRricste WP stEE OL) FFT Ic & 223375 WpO(Llog L

fo'e) M
WASER : exp(kiqp) = mz=:0¢m(kj)¢m(Qi) ~ m2::0¢m(kj)¢m(6h) = ¢(kj) " P(q;)
_ 1 —=)LEEER DB EFITN
SMM+gating : ¥; = ¥2(y;) O <n§ohn ' ?,D~1(uj—n)> =) n§0¢1(uj—n)Tl/32(uj)
- Yy (uj—n)




SSM®DFRIR S

Naoki Nishikawa, Taiji Suzuki: State Space Models are Comparable to Transformers in
Estimating Functions with Dynamic Smoothness. ICLR2025.

FHER1

BEFHE5R: Copying XU T 1/EDSSM (& Transformer ZHETERRL)

[Jelassi et al.: Repeat After Me: Transformers are Better than State Space Models at Copying. 2024]

7&@73\ ? :)\7]11‘2???%%73 h—20> ZiH o] 9 DMENH D

T

p1l7v4w7t9u>7

b306d4t 2lls>9

AT : /=D FNN + SSM T Transformer Z{AE 0] HE
BEN—DO>DEZEZRBOETCTETEINEEIRETES
p 1 u 7 v 4 w 7 t 9 u p°?

1 3 B : 2 4 3 2 3 BB - S5EE (ADIKTF)
e.g. B or 1DRINRED b—T0> AU
FHER 2

_ﬁﬂﬁy—lziﬁﬁaiﬁﬁwiﬁﬁ(iﬁb\f, SSM & Transformer
(XE UHEEREZIEK T D &Z5EA
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Naoki Nishikawa, Rei Higuchi, Taiji Suzuki: Degrees of Freedom for Linear Attention: Distilling Softmax
Attention with Optimal Feature Efficiency. NeurlPS2025.

. Attention®H—2) LB & L TOERIL &R -
K(z,y) = exp(z y/Vd) = E,no.0)[0(x; 2)p(y; 2)]

T

) — 2z =l®
where ¢(x;z) = exp (d1/4 — 2\/3)
- REEEEHE S REESR
K(z,y) = ¢(x) "o(y) where :R% - RY.

TEXR (ADERZE OO 5w M)

1> 0L, NyZAttentionDRFANBHESTD. 95&,
M > %N, log (32/NA)
EITBDBTET, Attention(IHRASERHAB CUL T DRETHMTES:

|K = Kl apyory) < 2t (A + 1K 22pyary))
(72120, HHEEBe(@E)(HENET D)

%EETEGQEEE N)\ — TI‘[EK(ZK _|_ )\I)—]_]
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[Naoki Nishikawa, Rei Higuchi, Taiji Suzuki: Degrees of Freedom for Linear Attention: Distilling Softmax Attention with Optimal Feature Efficiency. NeurlPS2025]

e Models: GPT-2 (1.24 x 10° parameters), Pythia-1B (1.01 x 10° parameters)

[Radford et al., 2019] [Biderman et al., 2023]

e Hyperparameters: (C, 1) = (64,107%) for GPT-2, (C, 1) = (128,107%) for Pythia-1B

v Cost Cis set to be the same as the head size following prior work (e.g. [Chen et al., 2025])

Model | Cost| 1 2 3 4 5) 6 7 8 9 10 11 12 13 14 15 16
GPT-2 64 |130 182 35 44 42 65 92 33 28 34 46 39 - - -
Pythia-1B | 128 | 277 138 275 132 204 167 115 142 231 64 96 73 40 52 34 9

Large in early and middle layers Small in latter layers
TN 1177 —O AV DU EE TOK (CNN, FNN E[EH#RDIRSR [Arora et al,, 2018;
Downstream taskd),ﬁﬁg Ravichandran et al., 2019; Suzuki et al., 2020])

X$HLFIE ¢ Performer [Choromanski et al, 2021], DiJiang [Chen et al,, 2025]
Strategy Method | PiQA logiQA ARC-E ARC-C Winograndle MMLU  WSC | Average

Original GPT-2 0.5985 03103 0.3325 0.3003 05122 0.2789 0.6538 | 0.4266
— Diliang | 0.5065 0.2550 02113 0.2244 0.4846 0.2639 0.4615| 0.3409
Performer | 0.5468 0.2934  0.3039  0.2747 0.4996 02517 0.5962 | 0.3952
Fix direct 0.5832 0.3195 0.2921 0.2995 05335 02552 06154 04141 o
softmax | 0.5718  0.2673  0.2479  0.3029 0.5020 0.2634 0.6154 | 0.3958 ﬁ‘f;’;ﬁg’&'ﬁ'm
L2 0.5822  0.3195 0.2483 0.2773 05107 02520 05962 | 03980 /=77
DoF direct 05669 03011 0.3241 03012 05280 02712 0.6346 | 04182 | pspmcaEs
softmax | 0.5751 03026 0.3224  0.2995 0.5328 0.2564 0.6442 | 04190 |+ ("m0
L? 0.5664 0.3088 0.2736 0.2824 0.4972  0.2608 0.5865 | 03965 [z
DoF + Clip | direct 0.5892 03164 03136 0.2952 05075 0.2993 0.6346 | 0.4223
softmax | 0.5860 03026 0.3401 0.2816 0.4996  0.2832 0.6346 | 0.4182
L2 05822 0.3164 0.2942 0.3063 0.5091  0.2799 0.5673 | 0.4079




7 A MR DE iR

Iﬂmw ;‘ig [Oko, Song, Suzuki, NeurlPS2024; Nishikawa, Song, Oko, Wu, Suzuki, ICML2025] .

Var|
s =
Transformer(C K3 XX ARA N
Please guess the number that fits in the '?". ?25‘2' 0))( jj :Z\A(j: ? Softmax attention s
L[> -« =
x|23->5 oy — oy — x| [xa] [xer
£ loneo d: AJIDRTT, r: RERNRST Lol Lol Lo,
© 1011 | smEEERU AP ‘
5,27 ->7? < e s
FE Kernel NN wER  JERER th o
®  The pattern in the given pairs of numbers appears > ) p 0 ( " ) 4P 3 /2 00 -«n’_m M
to be the sum of the two numbers. ?E%‘EE d d (ge o ) Tr e ge (O- )/ 0 50 100 150 200 250

BIREL

So, the number that fits in the '?" is 32.

- Transformerld7—F WS DIBEIRME DA EZSBRFE (CK D> TERS
o LEDEICKDIRBIEDFEIM TS, =NV VI RGE

= %I‘Eﬁ Kim, Suzuki, ICLR2025, oral T
oo ik [Kim, Suzuki, , oral] N

€d €d+1 €n
Lo Lo +
HE - 1 ) 5= = i 1 B )
Fl:ﬁé . k_/\IJ T/r Fl:ﬁh ’ T T2 Tq Bgy B Bdikll =V

____ERFE  BREEm

h=3 T3 =Y

G A 0@ —

h=2 T21 T22

h=1

BEEHH(C K> CTEEDINEN KIE(CCRE

h=0 ry T T3 x4 Ty Tg T7 Xy Tg To 11 Ti2 T3 T4 L5 g
(] REER - Transformer(CHHAD BB LS IlE
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FEFEDERND: E 2RV I AREEE
> BesovZEfE] & JEES ¥ EBesovZER] (Suzuki, 2019)

DNNI(E:X DLz [0l TS
> FEZFBesovZEfd] (Suzuki & Nitanda, 2021); y-JEBEEIZEM] (Okumoto & Suzuki, 2021)

FEBEETT I OmEMH
> HLEYES)L: Oko,Akiyama&Suzuki (2023)
> Transformer: Takakura&Suzuki (2023)

Benefit of feature learning

N

AN

ﬁﬁ&"“‘”" e { CHE 5

55 > S 3 I\ B HFEDIE
> #RAZUNER: Nitanda, Wu, Suzuki (2022)
» Propagation-of-chaos: Suzuki, Nitanda, Wu (2023)

BXATFEBEECH T I EHHFE

Lpe) = L(p7) <

AoKL(p|[p") <

SQ lower bound

d 0(d)

exp(—
L)

2(A2/a)t) (L (o)
= L(p") < AKL(pllpy).

— L(p"),

CSQ lower bound
0 (dk/Z)
1

O(Eik_l)

e

Our bound
-batch r
[Lee et | 23]

w

It

Smoothed SGD
[Damian et al. 23]

I N
One pass SGD
[Ben-Arous et al. 22]

I\'
Kernel method
[Ghorbani et al. 21]

> —OIEFFAIACIE: Ba, Erdogdu, Suzuki, Wang, Wu, Yang (2022)
> (RN [EHRIERRY T PEDZERK: Lee, Oko, Suzuki, Wu (2024)

Gradient algorithm

ARENRTZ AWCREFEDRIE:

BRE

> JEHEREY) N> R: Suzuki, Abe, Nishimura (2020)

T IVEHRN\DIGH
» Spectral pruning: Suzuki et al. (2020)

| =2 MR DER

>

RBEERH: Kim&Suzuki (2025); Kim, Wu, Lee, Suzuki (2025)

>  MXARAZFEE: Oko, Song, Suzuki, Wu (2024); Kim, Nakamaki, Suzuki (2025)
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EfExE b F—L

KRR 2T 2R B b R0 L CEERREL T E BRI EZTIRE

1. Al for Science ClEHNHIEHRA/N—RFHFEILEDFE SE{E
o [HiEm: RN—XRIEBMLEE%, FREEDIEFEFEBMHREEGE DIEMIETFEEHIIBEIH - ERE
A ZEh R R i E DB EEET.
® 20184 (TiFEEDCEE L E(pDCA)ZIREL, LOR/N—RIERMERIEICT T ANEMEEELTER

2. EABIEEX R AONA/N—/N\SGA—FFRR(CZ I DODERRTFE LRI
o [Him: RLEMIEEGEEEMBEICH LU CTEARE AWV -NENEENREIND, thr—
RITDWTIFIERARELTRAEZREE.
® JEFE2ERFERIRE, U—v 2 fERRE, ZEERELEEANERER LIt NERRLEDHDHE
BEN—XADNEMFFEZVO TIRE.
o EimmEt N HFRAKERRZEICCOPT2022 BEHZRME) Dsemi-plenaryiB/BEE EL TARRKRE.
3. SUALTHEBHRICES(EREZETETILOME/IME
o [ HAlGEEELEVERTHEE L EDRERRIIRO(KEGERIEGL.
® 2019FENL, EFDEJREREILEIITUF LFEEEEFHAADFEEBENREDS. 4Lt
CNETSARDIEXHY.
® AEZEIHT, HERBILASFICHEITEIRKDEFERZISMP2027 GELZREE) D
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KRG HIERBEILBBICN L CEHRERIETEEMNRETIRE
1. FEMIEEBREILRRE
o fiEEm: RN—XRIEANLRE, FREZEDFEFEEIHLEHGE, EFEEEEENED, 2D
8 (R - REMN IS EMN LG RBEICEDEELZHED.
® 018%|TIAEEDCEE LA (pDCA)ZIREL, LOR/N—RIEAMERREIZ T AEMNEREELTES

2. ZEEPEmE{bRERE
® [ffERL: Franceschietal. [ICML ‘17] DMFEIZ XY, HHEH7 2B mE b A L TR A EE
(hypergradient) Z F LN =SB EDNRESNT=D, B —RI2TDWTIXIKRAEL TREZF .
o HBHFICEDIERMARELTIFTE2ERIERRE, ) —Y 2% [EME, ZLEME&EEREANEHRER.
WFhi, INERRIEDHBHEDENA—ADMEBNEEEZZIO TIRE.
o EMmEILNFHRKEFEZIEICCOPT2022 BEHERME) Dsemi-plenaryiBEEHEL TR EHRE.
3. BRuEE bR
o HEA BYYVITILIOEIEEREILBBIZDOLWTIIMESNERL TS —A, HAlLEEEZS
frrbZE R sE b E DR R I ROSKESHLERLLL.
® 2019FtEMNGL, BEDIFBHEBEILEICTUT LAFHEREZT R AL FEEEBEINRES. HAL
NETIARDHIHY.
® KEEZITT, HERFELIFICHETIRKDEREZISMP2027 GELEZFHE) D
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BR1: EMRAN—RAFEEDEE (pDCA)

——————————————————————————————————————————————————————————————

¢ IEMR—REELE ™
| min w min w |
i ) min (W) i
i subj.to [|[w|p < K subj.to rank(W) < K |
| B R/ S—RE R E IS AB: 1B o175 RIERS
AN ARIN—R7 s_l‘jTIJZI_FDﬂ%EﬁE /

-

_____________________________________________________________

o SETIE, FERN—IAFBELBEICLT, EHxELHES
EMNEWTI L ROICRHIEZT R
vV EMDFFRERD
v’ [E1728 O 4% 1 (Difference of Convex Functions) Z & ML 1-fi#i%
T, xBEMEORBEFHZE-TH(FER)ZEEITRH D

Goto, Takeda, Tono [MathProg’ 18]
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FEhIEF BB LR ik (SDCAM) ~ EHRGR

——————————————————————————————————————————————————————————————————

min f(w) s.t. |w]o < K FORI—REEIE ™
w

< min f(W) + 0fw:|wlo<k} (W) + dc(w)
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I

~ u?élléln flw) + Zl gi(w &Y —E7ZEIEMIEFiE ﬁi@‘lt
N e e N

a

FEMAN—RZBEEREIIR T AT RZEMA, &Y—RMGIEMIETEEx
LR RE =%t 9 A HZESDCAMMD FEZE Liu, Pong, Takeda [MathProg ’ 19]
BERBEHM (HFE) FEEXS ALY T TESHRZ HHEERAMSDCAMD FHF

Metel, Takeda [ICML ' 19]
ZIILHETHARDHAEREICIMAT. . .

« &, SODCAMD 25 JLIIL—TEIZpTh Zhang, Marumo, Pong, Taked2{#fa,
’ 25]
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BR2: ZERERE{E

s min F(z) = f(z.y"(@)
2LAN)VEREEEIRE st y*(x) = argmin g(z, y)
y!

NETORE: THRLALEEIC (N)HEFRXHAEL, (2)BrIEEZgh
MaAIREZF R THH_E ZTELT, KYLWWITRAD2ALANILEEE R EZE

WAz BHEIIZLI=LY
i N[ INTTBEF
BFZE2-1 MO AR ] B 722-2 gézﬁggfén:ij]b i’ \E:fu't:-! 2.3
HAelS oEEsEst DIREENT
o ¥
min F(r) = f(z,y" () | [ st 35 e
"~ S tmy*(a:) = argming(z,y) ||t Y € eming@.y.2) MWk € argin Gl )+ M)
” N ’ v A, A) EQC R
yeM, s.t. 2/ € argmin h(xz,y’, 2") Z( 5 (() 17/_\)5( ) S \‘
A A G, = g(w) + AT R(w
« M,,M,: RiemannZ#k{k . A= Aoy AT FEh
© £, x M, - R: e | TELCAMBORBEL T gy o e mear  JFR
g ST s | SHOISRBEFEENEND, r | k
EEE/\OI\}[/b )?/JJL%‘JL 3l/&)bﬂaiﬁ1tﬁ:ﬁ% lRl(w) =Z(/)(|w,|P) (0<PS 1),'
« g(x,y): yIZBL TR A& ™ Qe TN ER xR T o =6 A>0)




B ER2-1: RiemannZ#k{K_E D2 =iE 1t
CNETODERE

min F(z) := f(z,57(2)) min F(z) = f(a,y"(2))
sty (@) =argming(e,y) | ST AR

[Han, Mishra, Jawanpuria, Takeda, NeurlPS, 2024]

CNETHORBAE (BHBEKFODE) ERAWFEETE, TRLAJLEEIZHIE
REREITENTELEN T
RiemannZ#xA L TD2L RNV ERELEEBEZE A S EITKY, T yOB<KERZE
IEE(ES, Stiefel LR (B FHID TDITHIZERM), 2EERITHLREIZHIRT S
CENTESD.

« fDRiemanniB A& (FORiemann B ER) DHEFEZ#H TITHE>1=. BIRMIIZ[EHesse
ERFDOHERAFE - LI HEE -NeumanniR 2 - BB K R ALI-#HTEHEZEIR
L, HERZEDOWEZTHEEEIC, BIEERBTHEEZITo-.
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MZE2-2: ZLANILERFEERBE DO PR EREE D EFEEM R
(NeurlPS 2021)

3L L ExEEfERE

min f(x,y, z)

mﬁy?z

s.t. y € argming(x,y’, 2)
y',z’

s.t. 2/ € argminh(z,y’, 2")
sz

IREREKIL, FHRMICIE, 2RIV RIREIZx 3 5 BEE A% % (FranceschiZ,
ICML17) ZZ LA )L iiE bR L TREICIREL, EAHED.
BLRIILBZREABR T EZEFTREICSE TZEREHLED, 2LRILEDOEHyE1
RIEB#HT D, F-ILRNIVIZEY..ZEYIRLT, 2LRNILBDE#HyETRIEH
S5, ORI RILBEDEHZEF 1 REEH, LV o1=51F.
THEERREYREE BEFEEISLANIILRELEEOEZANEONS.
ERRIZIE, T22<EYRTDITEKNZNEFIZTIILT) X LFEE).

BELANWIEHTD |
Mtoy problem 05| 1 Gt
0.0
:T3:’|O) ZI/’Q)I/-'(:{S ~N)LE
1TREOH
(T2=T3=4)

1.0

60



BFZE2-3 - D A R[RE 2L AN )L EILEEED
S RE451) REMERIEOEFEMAT 1/2

min [|yvar — Xvarw||* 'Fﬁl/&)id)n'iiﬁmf'nﬁ%ﬁ

s.t. wy € arg muijn |yer — Xerw||* + A|wll1

INFETOD2LAN)LEELIHE

NAN—N\FGA—EZEBBBFLELIXR2L AN LV REEBEELTERES
Nna. W IWLGEMAARRGIEAEZEET H5EICIE, TUOHE
{EEEN M T eI REC R RBIZ7E 5.

CNETIE LS, TRHOSEEREELIC, Mo AREENMRE SN =X
DARAREINTE=. TDiZE, TRHLAIILDBHIEHZHS L TOIZEN
TILANILVEREIZT DN, CTNETOFETHS.

—7, FTRULANIIVEENM D T ATEEICRdE, () TUBEOREREEZ
‘ORI NEGLE, QREEFUHENBEMERZSHILTEDES
[COMBFENTUNDNIEGY, ILANILRREICLTRBET HDMNHLLY, &
Wor-f@EN4ELS.
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HFZE2-3: Al gEli 2L AN LR E L RI-ED
R RIEDEHREME 2/2

m}:\ln Jval(wx) ;

s.t. wy € argmuijn ftr('w) + /\qu(|wi|p)‘ 0<p<1)

ﬁﬁ%ﬁ?‘?‘iﬁ%’l‘id)f:&bl:, THOEBIELHMD (ER)ZFE-=-RITELY, 1AL HEEILREEL
2DV,

CNET, LEAHENA/N—N\TA—2Z B E D EE B E R T A EITIEREIN TULVEL.
45 a, =B Depsion- T LlfEZ H N T 58 EZZIRELT-. 2L )L Ex#E L EE D "epsilon-3a LU
ELVSEEEE, BN ESHE QEBEKKTEY) ZECLETHIHTEREL, 2BRBKKTEEZ R -
I fE, DFEY, epsilon- T UEEMNFONDIIEFEEEEL-. £, TR, JYAMNEEHEE
KCEITRERDIL, Sl RET HRBD—ARIEIZHRIILT-.

Okuno, Takeda, Kawana, Watanabe (JMLR "21)

Alcantara, Nguyen, Okuno, Takeda, Chen (Mathematical Programming, 2025)
Alcantara, Takeda (under review)
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HR3: SUF LSEEFALE-RERIEAERS ZMRELE

SR LFETIEIIRSI T —3 A XE/NSKTHEEBHMICHEREE KB TEHLNTL
BEDD,  NFETCHREBILRIBOEH YA XZ/NKTHIEHMOMEILIINETIFEAER
Mot-. Fxif, D’ Ambrosio, et. al. (Mathematical Programming, ‘20)Tl&, S04 L5tE21T5I
FAWTHRBELEBY A XEMNNREFTEET 55i% . £, Gower et al. (NeurlPS ‘19)
BIZkY, SUF LEETHNERANTZa— I EOAY T OHETHIEZE T 5F
ENRESN. CORNEZITT, 200 EFITo=. LIt XEBEIECHE LR E
(2% L TRRED /NSRRI EZF 1 [BI4LL, #2YUIRLECIEFIREL, BRRIIx 54
TL5.

(1) RIRE B L RIRE (FEM2 Rz E L EIRE, LP, SDPZE) [TXL T, U LG EZFRANT
INSWVRIR (BB M X b DIEM2 R B RIREE B EL, IoCMEFL-MEEHECE
ZTIRE. TOR LT TEEORBEEEDRERE ], SOICTMEMT 22 EICKDTERE 125
LGEUBEEZEL.

T. Fuji, P.L. Poirion, A. Takeda, (SIAM Journal on Optimization, 2022)& %>, iAX3A

(2)— i E e mE L BRI T AR EME . EAMEHE2— b EDIRE. BR1ETF
EEL T2 R EEILEENENIN TS, RYVOMERELRERKIC, SUF LSFEER
WT, ZOFREBORDYIZ/INSUVRIR (ZEH Y 4 Xk D2 R xE L B E <R EFIRE
L, IRERERE—F D @EEIToT-.

T. Fuji, P.L. Poirion, A. Takeda, (Open Journal of Mathematical Optimization, 2025) %

R. Higuchi, P.L. Poirion, A. Takeda (ICLR 2025, spotlight) Z& %>, X574
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Recent work on Random Subspace Algorithms
Higuchi-Poirion-Takeda (ICLR 2025, spotlight)

Best theoretical performance among all random subspace methods

Underlying algo. Subprob. cost/iter Global Local SOSP  Feas.
Roberts & Royer (2023) Direct search Multi. line-search O(e™?) v
Dzahini & Wild (2024) Zeroth order Finite diff. grad. O(e™?) v
Kozak et al. (2023) Zeroth order Finite diff. grad. O(e™?) 1 v
Kozak et al. (2021) Grad. descent Gradient O(e™?) 1 v
Cartis et al. (2020) Gauss-Newton Cond.quad.prog. (QP) O(e™?) v

Shad (2022) Cubic Newton Cond. cubic.reg.QP O(e~3/?) v

Zhao et al. (2024) Cubic Newton Cubic.reg.QP O(e™%/2) v v
Fuji et al. (2022) Reg. Newton Solve eq. O(e™?) 147 v
Ours Trust Region Min eigenvalue O(e=3/?) 2" v v

Practical performance

\ . 24 N‘ . s | .
g 08 :S: o8 :g_’ 08 g 081
0 0 80 160 240 0 150 300 450 600 00 0 1000 2000 3000 4000 o0 0 4000 8000 12000 1€
time (s) time (s) time (s) time (s)
(e) SR: news20 (f) SR: scotus (g) DNN: MNIST (h) DNN: CIFAR-10
(dim: 200,020) (dim: 130,013) (dim: 123,818) (dim: 416,682)

B GD BN HSODM El RSGD (s=100) I RSRN (s=100) HEl RSHTR (s=100)
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