The 15t Scenario for Getting at Multi-Scale Modeling

Analytical descriptions for explaining mathematically the facts
discovered by experiments (a macro-scale viewpoint)
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The 2"d Scenario for Getting at Multi-Scale Modeling

Characterization of the geometric features of the specimens
of 3D CT-image (a micro-scale viewpoint)

Monochromator .
specimen

Takashi Matsushima, Department of
Engineering Mechanics and Energy ,
University of Tsukuba
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1) Geometric dimension = Fractal dimension d, are built up.

2) Analytic dimension = Spectral dimension d,

How do we combine these geometric invariants with FDE(Fractional
Differential Equation) in a mathematical framework?
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Relationship between df, ds and the Fractional Differential Order a
Conjectured by Physicists

Manabu Machida, Department of Mathematics, University of Michigan

Bouchaud, J. P., and A. Georges, 1990, Physics. Reports 195, 127

The behavior of the mean volume V occupies by a diffusion particles initially concentrated
on a given site x 1s given by the mean squared displacement and the fractal dimension.

d, 1% — (B V(x, r) is the
V (X I") ~ I,.dff\, /<X (I)2> ! (1) (x’ I’) 'u( (x’ r)) Riemannian volume of a
’ B(x, r):: {y e V‘ d(x, y)< r} geodesic ball B(x,r).
M. Barlow and E. Perkins, Brownian motion on the Sierpinski gasket, Probab. Th. Rel. Fields, 79
(1988), showed that the following heat kernel takes place for a large variety of fractal sets;
1

d, d, \g 1 In the case of y=x
e [ 4@ ) e
p(x,y,t)~t 2 exp _[ iy j (2) p(x,x,t)~1t ? (3)

We assume that

x,x,t)~V (x,r)"
p( ) (x,7) (4) By comparing Eq. (5)

With Eq. (1), Eq. (4) and Eq. (3), we obtain that ) and Eq. (6), we have
2 _2 i \"a. b n
s f
<x(t)2>~V(x,r)dfNp(x,x,t) i N(f ZJ ~tY (5) a—ds
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Numerical experiments using CTRW say that d r (")

(x@*)~ 1" . s



Comparison of Diffusion Behavior between
Small Scale Experiment and Large Scale One

Yuko Hatano, Department of Risk Engineering, University of Tsukuba

v'The result of the small scale experiment shows that the diffusion follows ADE (normal diffusion).

v'The result of the large scale one not only differs from ADE, but CTRW also can’t explain the
behavior completely. We need a scaling law to combine laboratory experiments with field scale.
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The 3'4 Scenario for Getting at Multi-Scale Modeling
Deductive reasoning to derive the fractional differential equation
using the homogenization method (a multi-scale viewpoint)

Masaaki Uesaka, Graduate School of Mathematical Science, The University of Tokyo

J.L. Auriault and J. Lewandowska, Non-Gaussian Diffusion Modeling in Composite Porus
Media by Homogenization: Tail Effect, Transport in Porous Media, 21:47-70,1995

T 0, V- (D(x/)Vef)=0 inQx(0,T) ()

Q is composed of

T ¢f (x,0)=c, (x) in O 2) periodic components
of a microcell.
—0,c" =0 onGQx(O,T) (3)
where PELEEN
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D,ID,=¢* (5) q OO@ ’ 62@@@ ) o@%@@
The ratio of the two effective diffusion p 8 SSUQ BSUQ 808
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power of the homogenization para@

Media M: D, /Q@DD @@%@ Reo @@%@

Media F. D, / Y:(O’l)n Q=07 0uQ,
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Masaaki Uesaka, Graduate School of Mathematical Science, The University of Tokyo

J.L. Auriault and J. Lewandowska, Non-Gaussian Diffusion Modeling in Composite Porus
Media by Homogenization: Tail Effect, Transport in Porous Media, 21:47-70,1995

When ¢ goes to zero, ¢? converges to the solution of the following homogenized
equaﬁons

S0l [ KD ey 07ve) maxor) o

T c(x, 0) c, (x) in Q (7)
0, c=0 on dQx(0,T) (8

Where D% and K are determined by D,,, D, and the shape of M ;
The memory function K(?) is an inverse Laplace transform of the function (9),

where k(y,p) is a solution of Eq. (10) and (11) (LK)(p) = %fM k(y,p)dy (©)

{vy-(Dmvyk(-,p>)=p(k(-,p)—1) inM (10
k(-,p)=0 inoM. (1)

What shape of M leads to a similar effect like the fractional differential?
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Summary and Discussion

« The 15 scenario: Analytical descriptions for explaining mathematically the
facts discovered by experiments (a macro-scale viewpoint)

»CTRW - The a fractional differential in terms of time
»Levy flights > The g fractional differential in terms of space

« The 2" scenario: Characterization of the geometric features of the
specimens of 3D-CT image (a micro-scale viewpoint)
»The equality a=d/d, based on the hypothesis: p(x,x,t) ~V(x,r)" exists.
»1f d and d, can be determined by the geometric features, we will be
able to combine the fractional differential equation with the geometric
features in the observed region.
»Experimental results say that we need a scaling law to connect
laboratory experiments with field scale’s observations.

« The 3" scenario: Deductive reasoning to derive the fractional differential
equation using the homogenization method (a multi-scale viewpoint)

» Geometric conditions M in a microcell
- The memory function generates the long-tail effect
- Our concern is ‘what shape of M leads to a similar effect Iike1;he
soxmmmnaze  raCtional differential’?
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Relationship among CTRW, FDE and d/d,in terms of q,
between Levy flight, FDE in terms of

symmetric alpha stable
Istribution

(FN)(k) = exp(—clk|*+ iyo)

Geometric index
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Equation)
The g fractional different

in tekms of space
cVPP(x,t) -7, 0 P(x,1)
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. L B Let E(x, R) be the mean exit time
The sub-Gaussian heat kernel on graphs |  from the ball B(x,R).
‘ . ‘| Consider the hypothesis
A d (x, p)h Jdnt I\ o
X, V,t exp| — : ? . E(x R ”\’Rdw walk dimension
p(x,3,1) / ” ¢ E(xR) P
T . A} d,=2 -> normal
———— d , > 2 - sub-diffusion 18
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Thank you for your attention!
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